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Abstract
Light-cone gauge quantization procedures are given, for superstring the-
ory on AdS3 space charged with NS-NS background, both in NSR and GS
formalism. The spacetime (super)conformal algebras are constructed in
terms of the transversal physical degrees of freedom. The spacetime con-
formal anomaly agrees with that of covariant formalism, provided that
the worldsheet conformal anomaly c equals 26 or 15 for bosonic string or
superstring, respectively. The spacetime (super)conformal field theory is
found to correspond to orbifold construction on symmetric product space
SympM/Zp.
1e-mail: yum@itp.ac.cn
2e-mail: zhangb@itp.ac.cn
1
1 Introduction
Recently, String theories on AdS3 space has attracted much attention [4, 5, 6, 8, 9, 18, 20, 21,
22, 23, 24]. In ref. [1], Maldacena has conjectured that a type IIB superstring theory on AdSd+1
is dual to a superconformal field theory living on the d-dimensional boundary of AdSd+1, which
is a compactified Minkovski space. A more precise statement on the AdS/CFT correspondence
is give in refs. [2, 3], which relate the boundary values in the former theory to the source terms
in the later. Some well studied examples of the AdS/CFT correspondence are the cases of
AdS5 and AdS3. On each boundary resp., one finds a 4d N = 4 superconformal Yang-Mills
theory in the former case, and a 2d N = 4 superconformal field theory in the later. In order
to substantialize Maldacena’s conjecture, a better understanding on the physical contents of
the SCFT living on the boundary of AdS space is required. While for the case of AdS5, our
knowledge is limited on computing the physical correlators in N = 4 superconformal Yang-Mills
theory, the case of AdS3 space should provide a better test ground, thanks to the conformal
Ward identities of 2d nature, which involves infinitely many conserved charges. Hopefully, the
techniques developed in solving the AdS3/CFT correspondence can be eventually generalized
to the cases of higher dimensional AdS spaces.
Presently, there are two main approaches to formulate string theories on AdS3 space, anal-
ogous to the development of the superstring theories by the NSR and GS formalism.
(1) As for the NSR formalism, a quantization procedure on AdS3 space is given in ref.[4], in
which, the spacetime superconformal generators are constructed and some physical states given.
The advantage of the NSR formalism is its manifest covariance and worldsheet superconformal
invariance. The disadvantage is that the spacetime supersymmetry is not manifest and it is
difficult to couple it to the R-R charged background. Another disadvantage is that the physical
state content is not manifest and deserves a careful BRST cohomology analysis.
(2) For the case of Green-Schwarz type superstring on AdS3 space, a κ symmetry invariant
action and its simplified (κ symmetry fixed) version are given in refs.[8, 9].3 In the Green-
Schwarz formalism, the spacetime supersymmetry is manifest, and both NS-NS and R-R back-
ground can be charged. However, due to its high non-linearality, the quantization procedure
for the present case is not known, even for its simplified version. Therefore, both worldsheet
and spacetime superconformal invariance are not obvious at the quantum level.
The purpose of the present paper is trying to make a connection between the two independent
approaches. Our starting point is the NSR formalism. After fixing the conformal gauge, there
are still residual conformal gauge symmetries, which are responsible for getting rid of negative
norm states and make the string theory unitary. The usual covariant quantization is to enlarge
the Hilbert space to include the reparametrization ghosts, and the negative norm states decouple
from the physical state space which are BRST invariant. The underlying spacetime field theory
should only depend on the physical degrees of freedom, which are transversal to the longitudinal
ones. However, there are no prescribed “longitudinal” and “transversal” directions in the
Hilbert space, each choice should give the equivalent string theory as ensured by the conformal
invariance.
In contrast, in light-cone gauge quantization, the conformal gauge symmetry is completely
fixed, and one has to make a definite choice on which are the longitudinal degrees of freedom
and which are the transversal ones. In flat spacetime, the light-cone gauge choice is made to
3The nonlinear σ model on coset space SU(2,2|4)
SO(4,1)×SO(5) are first proposed to describe superstring theory on
AdS5 space. For more details, see refs.[7]. The AdS3 case is a generalization from that in ref.[7].
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align worldsheet “time” direction along a light-cone coordinate in the spacetime. In our AdS3
case things are more complicated, since, generally in curved spacetime there can be no flat
directions along which light moves freely.
In the present paper, we shall propose a way to resolve such kind of problems. The point
is that at the AdS3 boundary, one can find a flat light-cone direction, and at the vicinity of
the boundary, the term which curve the space-time is really the screening charge, which can
be perturbatively expanded as what are usually done in the calculations of the correlators in
WZNW models, cf. ref.[17].
To justify our approach to the quantizations of string theories on AdS3 space, we have
checked the following consistency conditions:
(1) The spacetime superconformal algebra proposed in ref.[4], when re-expressed in our
transversal degrees of freedom after the light-cone gauge choice is made, is closed. The confor-
mal anomaly agrees with that given in ref.[4], provided the worldsheet conformal anomalies c
equal 26 resp. 15 for bosonic string resp. superstring.
(2) In string theories on AdS3 space, there is a flat time direction which is dual to the J
3
in sl(2, R) current algebra. Our light-cone gauge choice is the same as choosing this flat time
direction combined with another flat space direction to form a light-cone. Since there exist
unitary representations in SL(2, R)/U(1) conformal field theory, cf. ref.[12], the unitarity of
the string theory is ensured, provided the non-AdS3 part is made of unitary conformal field
theories.
Using the light-cone gauge quantization to get rid of the unphysical degrees of freedom, we
recover the spacetime superconformal algebra in terms of the physical transversal degrees of
freedom. By this method, we find that the spacetime superconformal field theory is described
by the orbifold theory on the target space Symp(MLiouville×S3×T
4)
Zp
, and spacetime supersymmetry
is realized in a nontrivial way. By the similar procedure, the GS superstring theory on AdS3×
S3 × T4 with NS-NS background [8, 9] can be quantized in the light-cone gauge, giving the
same spacetime superconformal algebra as the NSR superstring theory. The generalization of
our procedure to the case of R-R charged background is also currently under investigation.[25]
The present paper is organized in the following way. In section 2, we review the NSR
formalism of the bosonic string theory on AdS3 × N , and give a description of how to make
the light-cone gauge choice and what the spacetime conformal field theory is.
In section 3, we generalize the light-cone gauge quantization procedure to the case of
fermionic string. A consistent quantization procedure, which makes light-cone gauge choice
possible, is given.
In section 4, the explicit construction of the spacetime N = 4 su(2) extended superconformal
algebra is given in terms of fields living in transverse spacetime.
In section 5, we quantize the Green-Schwarz type superstring theory on AdS3 × S3 × T4
spacetime with NS-NS background.
In section Conclusions and Discussions, we speculate on how to calculate one loop partition
functions and what could be further done using our generalized light-cone gauge quantization
procedure.
Appendix A is devoted to clarify our conventions, in particular for the spinors in AdS3 space,
as well as the relation between the N = 2 spacetime SUSY algebra su(1, 1|2)2 and the global
part of the N = 4 spacetime SCA.
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2 Bosonic String Theory on AdS3 Space
2.1 String Action and Light-Cone Gauge Quantization
AdS3 space is a hypersurface embedded in flat R2,2,
−X2−1 +X21 +X22 −X23 = −l2 (1)
with the induced metric
ds2 = −dX2−1 + dX21 + dX22 − dX23 (2)
It admits the sl(2, R)× sl(2, R) Lie algebra as its isometry generators,
[Jαβ, Jγρ] = ηαρJβγ + ηβγJαρ − ηβρJαγ − ηαγJβρ (3)
where ηαβ is the flat metric diag(−1, 1, 1,−1). Let
J1 = −i1
2
(J23 + J−11)
J2 = −i1
2
(J31 + J−12)
J3 = −i1
2
(J12 − J−13)
J¯1 = −i1
2
(J23 − J−11) (4)
J¯2 = −i1
2
(J31 − J−12)
J¯3 = −i1
2
(J12 + J−13)
The Commutators eq.(3) become now
[JA, JB] = iηCDǫ
ABCJD
[J¯A, J¯B] = iηCDǫ
ABC J¯D (5)
[JA, J¯B] = 0
In conformal field theory, the JA’s resp. J¯A’s are just the zero modes of the affine sl(2, R) ×
sl(2, R) Lie algebra at level k generated by worldsheet holomorphic currents JA(z) resp. anti-
holomorphic ones J¯A(z¯), satisfying the OPE:
JA(z)JB(w) =
kηAB/2
(z − w)2 +
iηCDǫ
ABCJD
z − w + · · · · · · (6)
where A,B,C,D=1,2,3 and ηAB = diag(++−), and similar OPE for the anti-holomorphic ones.
It is convenient to choose the independent coordinates on AdS3 space as
γ =
X2 + iX1
X−1 +X3
(7)
γ¯ =
X2 − iX1
X−1 +X3
φ =
log(X−1 +X3)
l
4
Then the metric tensor becomes
ds2 = l2(dφ2 + e2φdγdγ¯) (8)
As given in ref.[4], the Lagrangian for the bosonic string theory on AdS3 × N with NS-NS
background is
L = ∂φ∂¯φ− 2
α+
Rˆ(2)φ+ β∂¯γ + β¯∂γ¯ − ββ¯exp(− 2
α+
φ) + LN (9)
where α+
2 = 2k − 4, k = l2
l2s
, LN is the contribution from manifold N . The conformal weights
of β,γ are 1, 0 respectively.
The conformal invariant term
∫
ββ¯exp(− 2φ
α+
) in the action represents the screening charges in
the calculations of the correlators in the WZNW theory. Treating it as a perturbation term,
then the classical equations of motion for γ, β, φ become free ones. The OPE of these fields are
φ(z)φ(0) = −log(z) + · · · · · · (10)
β(z)γ(0) =
1
z
+ · · · · · ·
and others are regular.
The sl(2, R) current algebra can be represented by
J3 = βγ +
α+
2
∂φ
J+ = βγ2 + α+γ∂φ+ k∂γ (11)
J− = β
Here, J+ = J1 + iJ2, J− = J1 − iJ2.
The energy-momentum tensor is given by Sugavara construction:
T = −1
2
∂φ∂φ + β∂γ − 1
α+
∂2φ+ TN (12)
where TN is the energy-momentum tensor coming from the manifold N .
When φ
α+
is large, we can perturbatively expand the term e
∫
β¯βexp(− 2φ
α+
)
as screening charges.
That means the string is really located in the neighborhood of AdS3 boundary (
2φ
α+
→ ∞).
Module possible contractions with screening charges in the correlators, γ can be treated as a
holomorphic field with conformal weight 0. By conformal invariance, we can transform γ into
a desired form containing no string excitations. It is convenient to make our light-cone gauge
choice as follow:
γ = eqzp (13)
Here, the momentum p =
∮
γ−1(z)∂γ(z) equals the number of times the string winds in the γ
space, thus must be an integer. And eq represents the center of mass coordinate of the string,
is not an important factor, since it can always be scaled away by a dilation in z, z → eq/pz. If
the context is clear, we can always set q = 0. However, keeping the factor eq can remind us
that γ is in fact a worldsheet scalar, since eq adds conformal weight p to the vacuum.
Fixing γ we can solve the constraint T = 0, where T is defined in eq.(12), for β:
β(z) =
1
p
e−qz1−p(
1
2
∂φ(z)∂φ(z) +
1
α+
∂2φ(z)− TN (z) + ∆
z2
) (14)
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where ∆ is a normal ordering constant.
To justify this as the right light-cone gauge choice and that the transversal degrees of freedom
is ghost free, let us first bosonize the β, γ system.
γ(z) = eφ1(z)+φ2(z)
β(z) = −∂φ1(z)e−φ1(z)−φ2(z)
φ(z) ≡ φ3(z) (15)
φi(z)φj(w) = ηij log(z − w)
ηij = Diag{1,−1,−1}
J3(z) and the stress tensor can be expressed in terms of φi(z) field as
J3(z) = −∂φ2(z) + 1
2
α+∂φ3(z) (16)
T (z) =
1
2
ηij∂φi(z)∂φj(z)− 1
2
∂2[φ1(z) + φ2(z) +
2
α+
φ3(z)] (17)
It is convenient to make an O(1, 2) transformation on the scalar fields,


Φ1(z)
Φ2(z)
Φ3(z)

 =


√
4+α2
+
2
α2
+
2
√
4+α2
+
α+√
4+α2
0 2√
4+α2
+
−α+√
4+α2
+
1
2
α+
1
2
α+ 1




φ1(z)
φ2(z)
φ3(z)

 (18)
which can be solved to give

 φ1(z)φ2(z)
φ3(z)

 =


√
4+α2
+
2
0 −1
2
α+
−α2
+
2
√
4+α2
+
2√
4+α2
+
1
2
α+
−α+√
4+α2
−α+√
4+α2
+
1



 Φ1(z)Φ2(z)
Φ3(z)

 (19)
In terms of Φi(z) fields we have
J3(z) = −
√
k
2
∂Φ2(z) (20)
T (z) =
1
2
ηij∂Φi(z)∂Φj(z)− 1
α+
∂2Φ3(z) + TN (z) (21)
γ(z) = e
√
2
k
(Φ1(z)+Φ2(z)) (22)
β(z) = (
√
k
2
∂Φ1(z)− 1
2
α+∂Φ3(z))e
√
2
k
(−Φ1(z)−Φ2(z)) (23)
And the screening charge becomes now.
V+ ≡
∮
dzβ(z)e
− 2
α+
φ(z)
=
∮
dz
√
k
2
∂Φ1(z)e
−
√
2
α+
Φ3(z)
(24)
where we have dropped a total derivative term.
6
From the stress tensor eq.(21), we see that there are two flat spacetime directions, Φ1 and
Φ2, the former is space-like, and the later, which is dual to the current J
3, is time-like. Using
the residual conformal invariance in the conformal gauge, we can transform the worldsheet
“time” direction parallel to the coordinate Φ+(z, z¯) ≡ Φ1(z, z¯) + Φ2(z, z¯), i.e.
Φ+(z, z¯) = 2q+ + 2p+τ (25)
From eq.(18) we have φ1 + φ2 ∝ Φ1 + Φ2. We find that making Φ1 + Φ2 the light-cone
coordinate is equivalent to making γ(z) in the form given by eq.(13), where φ+ = φ1 + φ2
is fixed to be φ+ = 2q + 2pτ . It is well known that there exist unitary representations in
SL(2, R)/U(1) coset space theory with U(1) corresponding to the time-like direction [12]. We
conclude that the transversal physical space is ghost free provided the conformal field theory
from N is unitary.
2.2 Spacetime Virasoro Algebra in Light-Cone Gauge
At the AdS3 boundary, φ→∞, the action given by eq.(9) is invariant under spacetime confor-
mal transformations:
γ → f(γ) (26)
γ¯ → f¯(γ¯) (27)
β → βf ′(γ)−1 + ∂φf ′′(γ)−1 (28)
β¯ → β¯f¯ ′(γ¯)−1 + ∂¯φf¯ ′′(γ¯)−1 (29)
φ → φ− α+
2
log(f ′(γ)f¯ ′(γ¯)) (30)
The Virasoro algebra, generated by the conformal transformations on the boundary of AdS3
space, is constructed in ref.[4] as
Ln = −
∮
dz[(1− n2)J3γn − n(n− 1)
2
J−γn+1 +
n(n+ 1)
2
J+γn−1] (31)
The spacetime conformal transformations act on the physical space of the string theory,
which are invariant under worldsheet conformal transformations. Thus, it is possible to express
the spacetime Virasoro generators in terms of fields in transversal dimensions. Substituting
our light-cone gauge choice, eqs.(13, 14) into eq.(31) for the spacetime Virasoro generators, we
have
Ln =
∮
dz[
1
p
(−1
2
∂φ∂φ − 1
α+
∂2φ+ TN − ∆
z2
)enqznp+1 − α+
2
(n+ 1)∂φenqznp] (32)
=
∮
dz{1
p
[−1
2
∂φ∂φ − ( 1
α+
− α+
2
)∂2φ+ TN − ∆
z2
]enqznp+1 − α+(p− 1)
2p
∂φenqznp}
Using the OPE of TN and φ , it is ready to check that that the Ln’s in the light-cone gauge
constructed above close a Virasoro algebra
[Ln, Lm] = n(n
2 − 1)pc
12
δm+n,0 + (n−m)[Ln+m + δn+m,0(a
2
+
∆
p
)] (33)
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with
c = cN + 1 + 12(
1
α+
− α+
2
)2 (34)
a =
cN + 1 +
12
α+2
12
(p− 1
p
)− (p− 1) (35)
where cN is the central charge of TN .
If we shift L0 by
a
2
+ ∆
p
, eq.(33) becomes the standard form of the Virasoro algebra with
central charge cp.
In covariant quantization, the central charge of this spacetime Virasoro algebra is 6kp, so to
get rid of spacetime anomaly we must set cp = 6kp. This condition fixes the worldsheet center
charge for the string theory to be
cstring = cN + 3 + 12
1
α+2
= 26 (36)
where α+
2 = 2k − 4.
That means when the string propagates in critical dimension, its light-cone gauge quantiza-
tion could be equivalent to the covariant one. In critical dimension, the light-cone gauge fixed
Virasoro generators should close the same algebra as the covariant one, i.e. the shift of L0
should be 0, or ∆ = −pa
2
. Then the Virasoro generators of spacetime CFT can be written as
Ln =
1
p
L˜np +
c
24
(p− 1
p
)δn,0 (37)
where
L˜m =
∮
dz[TN − 1
2
∂φ∂φ − ( 1
α+
− α+
2
)∂2φ]zm+1 (38)
We shall show below that eq.(37) defines a conformal transformation: z → w = z 1p
T (z) = (w′(z))2T (w) +
c
12
[
w′′′(z)
w′(z)
− 3
2
(
w′′(z)
w′(z)
)2] (39)
=
1
p2
z
2
p
−2T (w) +
c
24
(1− 1
p2
)z−2
Only the term with integer power of z are well defined on the z complex plane closing a Virasoro
Algebra. Hence
Ln =
∫
dzT (z)zn+1 (40)
=
1
p
∫
dwT (w)wpn+1 +
c
24
(p− 1
p
)δn,0
=
1
p
L˜pn +
c
24
(p− 1
p
)δn,0
which agrees with eq.(37).
In fact, eq.(37) suggests that the spacetime CFT is an orbifold theory on the target space
SympM
Zp
, see subsection 4.2 for detailed discussions.
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3 Light-Cone Gauge Quantization of Fermionic String
Theory on AdS3
The light-cone gauge quantization for bosonic string theory on AdS3 space discussed in the
previous section is ready to be generalized to the fermionic case. For fermionic string theory on
the group manifold, the worldsheet supersymmetry is achieved by considering super WZNW
theory [13]. For each bosonic current, we associate a fermionic partner, which is a worldsheet
real fermion field and living in the adjoint representation of the finite dimensional Lie algebra.
For fermionic string theory on AdS3 space, the affine sl(2, R) currents pertaining to the
AdS3 space can be written as
JA = jA − i1
k
ǫABCψ
BψC (41)
which satisfy OPE eq.(6). Here we use the convention as in ref. [4]
〈ψA(z)ψB(w)〉 = kη
AB/2
z − w (42)
The worldsheet supercurrent G and the energy-momentum tensor are
G(z) =
2
k
(ηABψ
AjB − i
3k
ǫABCψ
AψBψC) +GN (43)
T (z) =
1
k
(jAjA − ψA∂ψA) + TN
Set
J+ = J1 + iJ2 J− = J1 − iJ2
j+ = j1 + ij2 j− = j1 − ij2 (44)
ψ+ = ψ1 + iψ2 ψ− = ψ1 − iψ2
jA’s can be represented as in eq.(11), but now with α+
2 = 2k.
For light-cone gauge quantization, it is convenient to use another set of free fermion fields
ψ˜3 = ψ3 − ψ−γ
ψ˜+ = ψ+ + ψ−γ2 − 2ψ3γ (45)
ψ˜− = ψ−
And define
β˜ = β − 2
k
ψ−ψ3 (46)
= β − 2
k
ψ˜−ψ˜3
We then have
〈ψ˜3(z)ψ˜3(w)〉 = 〈ψ3(z)ψ3(w)〉 = −k/2
z − w (47)
〈ψ˜+(z)ψ˜−(w)〉 = 〈ψ+(z)ψ−(w)〉 = k
z − w
9
and
〈β˜(z)ψ˜A(w)〉 = 0 (48)
〈β˜(z)γ(w)〉 = 1
z − w
Using these fields, the supercurrent and the energy-momentum tensor for the worldsheet
CFT can be written as
G =
2
k
(
1
2
ψ˜+β˜ − α+
2
ψ˜3∂φ +
k + 2
2
ψ˜−∂γ) +GN (49)
T = (β˜∂γ − 1
2
∂φ∂φ − 1
α+
∂2φ)− 1
k
(−ψ˜3∂ψ˜3 + 1
2
ψ˜+∂ψ˜− +
1
2
ψ˜−∂ψ˜+) + TN
The spacetime Virasoro algebra for fermionic string theory on AdS3 space is defined in ref.[4]
Ln = −
∮
dz
∮
dwG(z)[(1− n2)ψ3γn + n(n− 1)
2
ψ−γn+1 +
n(n + 1)
2
ψ+γn−1](w) (50)
= −
∮
dw[(1− n2)J3γn + n(n− 1)
2
J−γn+1 +
n(n+ 1)
2
J+γn−1](w)
Here
J3 = j3 +
ψ+ψ−
k
= (β˜γ +
α+
2
∂φ) +
ψ˜+ψ˜−
k
J+ = j+ +
2ψ+ψ3
k
= (β˜γ2 + α+γ∂φ + k∂γ) +
2
k
ψ˜+(ψ˜−γ + ψ˜3) (51)
J− = j− − 2ψ
−ψ3
k
= β˜
In light-cone gauge quantization, similar to what we have done in the bosonic case, we set
γ = eqzp (52)
Making our gauge choice worldsheet supersymmetry invariant requires the OPE between G and
γ be regular, so at the same time we set
ψ˜+ = 0 (53)
Now we can solve the constraints G = 0, T = 0, where G, T are defined in eq.(44), for ψ˜−
and β˜.
ψ˜− =
e−qz1−p
p(k + 2)
[−kGN + α+ψ˜3∂φ]
β˜ =
e−qz1−p
p
[
1
2
∂φ∂φ +
1
α+
∂2φ− 1
k
ψ˜3∂ψ˜3 − TN + ∆
z2
] (54)
Substituting eq.(54) into eq.(50), the spacetime Virasoro generators become
Ln =
∮
dz[
1
p
(−1
2
∂φ∂φ − 1
α+
∂2φ+ TM +
1
k
ψ˜3∂ψ˜3 − ∆
z2
)enqznp+1 − α+
2
(n + 1)∂φenqznp] (55)
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Comparing eq.(55) for the fermionic string theory with eq.(32) for the bosonic case, we find
one more term containing ψ˜3 coming from AdS3 part, and α+
2 = 2k now.
Similar to the bosonic case, if we require the Ln defined in eq.(55) close the same spacetime
algebra as the covariant one with central charge c = 6kp, then we must have
cstring = cN + 3 + 12(
1
α+2
) +
3
2
= 15 (56)
∆ = −1
2
[
cN + 1 +
12
α2
+
+ 1
2
12
(p2 − 1)− (p2 − p)] (57)
That agrees with the fact that the critical dimension of Fermionic string is 10.
4 N = 4 Spacetime SCFT
For the superstring theory on AdS3 space, because of spacetime supersymmetry, the CFT on the
AdS3 boundary is in fact a superconformal field theory (SCFT). For definiteness, we consider the
spacetime manifold to be AdS3×S3×T 4 as an example. The spacetime N = 2 supersymmetry
algebra coming from AdS3×S3 is the global part of the N = 4 su(2) extended superconformal
algebra [10, 11] for the SCFT on the AdS3 boundary. In the following subsections, we shall
first construct the N = 4 SCA explicitly in term of physical transversal degrees of freedom,
and then find out the target space in which a possible N = 4 nonlinear σ models may live.
4.1 Construction of N = 4 Superconformal Currents
The affine su(2) algebra in the spacetime N = 4 SCFT is lifted from the worldsheet su(2) cur-
rents pertaining to the S3 group manifold. For SU(2) super WZNW theory[13], the worldsheet
current algebra can be represented as
KA = kA +
1
2
ψασ
A
αβψβ (58)
kA(z)kB(w) =
(k′ − 2)/2 δAB
(z − w)2 +
iǫABCkC
z − w + · · · · · · (59)
KA(z)KB(w) =
k′/2 δAB
(z − w)2 +
iǫABCKC
z − w + · · · · · ·
Here, kA’s are orthogonal to the ψA fields. The zero modes of the affine su(2) currents KA(z)’s
represent one factor of the SO(4) symmetry on the manifold S3. The spacetime affine su(2)
algebra is defined in ref.[4]
KAn =
∮
KA(z)γndz (60)
In the light-cone gauge, it becomes simply
KAn =
∮
KA(z)enqzpndz = enqK˜Anp (61)
It is clear that KAn ’s form a affine su(2) Lie algebra with level kspace = pk
′.
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In eqs.(55,61), we have constructed the spacetime Virasoro generators Ln and the affine
su(2) Lie algebra in the light-cone gauge. In order the spacetime N = 4 SCA close, we still
need to construct the spacetime supercurrents in the light-cone gauge. In ref.[4], the global
part of the N = 4 spacetime superconformal algebra is constructed by covariant quantization,
which involves worldsheet superconformal ghosts and picture changing techniques. The full
N = 4 superconformal algebra can be generated by commuting Gαr ’s with either Ln or the J
a
n ’s.
However, such construction can not be converted into constructing the supercurrents in the
light-cone gauge. The reason is in the later case, the spacetime supercurrents should involve
only the physical degrees of freedom, into which we do not know yet how to transform the
worldsheet ghost part.
Now it is clear that if our light-cone gauge choice, eqs.(52-54), works, we should be able to
construct the spacetime supercurrents in the N = 4 SCFT in terms of the transversal degrees of
freedom. The superconformal algebra should close with the Virasoro generators and the affine
su(2) algebra given by eqs.(55,61). It turns out that indeed there exists a unique expression for
the spacetime supercurrents and now we proceed to construct them.
First, we set q = 0 and p = 1, that means the bosonic part of target space is just one copy
of MLiouville × S3 × T 4. The p 6= 1 case can be generated form the case p = 1 just as in the
bosonic string theory.
It is well known that the N = 4 SCA admits a so(4) = su(2)×su(2) automorphism [14, 10].
In our case, the first su(2) comes from the S3 part, the second su(2) comes from one factor
su(2) of the so(4) acting on T 4. We first decompose our N = 4 SCA into representations of
the su(2) × su(2) automorphism. The Virasoro generators, eq.(55) belongs to (0, 0) and the
affine su(2) generators, eq.(61) are in the (1, 0) The supercurrent Gα’s belong to the (
1
2
, 1
2
). To
see the action of the su(2)× su(2) on the Gα’s, it is convenient to write Gα’s in terms of real
components G˜A’s
G1 = G˜
0 + iG˜3 (62)
G2 = G˜
2 + iG˜1
Define a matrix
(
GAB
)
to be
G = iG˜AσA =
(
G˜0 + iG˜3 G˜2 + iG˜1
G˜2 + iG˜1 G˜0 − iG˜3
)
=
(
G1 −G¯2
G2 G¯1
)
(63)
Here, σi, i = 1, 2, 3 are the Pauli matrices,
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
(64)
σ0 is proportional to identity matrix,
σ0 =
(
i 0
0 i
)
(65)
and σA = (σ
A)∗. Then it is clear that the first su(2) acts on G by left group action, and the
second su(2) by right.
Now we also need to decompose the fields living in the transversal space into the represen-
tations of the su(2) × su(2) automorphism. The Liouville field φ and its super partner (ψ˜3)
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from the AdS3 is in the (0, 0). The K
A’s and their super partner χA’s are in the (1, 0). Finally,
from T 4, we have the u(1) currents ∂XN ’s and their super partner λN ’s for N = 1, 2, 3 in the
(0, 1) and ∂X0, λ0 in the (0, 0). Since the spacetime supercurrents Gα’s are spacetime spinors,
and the worldsheet fermions are spacetime vectors, we first need to transform the later into
spacetime spinors. This can be done by the usual bosonization procedure.
Define
χ3 +
√
2
k
ψ˜3 = eφ
1
χ3 −
√
2
k
ψ˜3 = e−φ
1
χ+ = eφ
2
χ− = e−φ
2
(66)
λ3 + iλ0 = eφ
3
λ3 − iλ0 = e−φ3
λ1 + iλ2 = eφ
4
λ1 − iλ2 = e−φ4
Then we can construct the su(2)× su(2) generators acting on these fermions in term of φA’s
j+ =
∮
eφ
2
(eφ
1
+ e−φ
1
)
j− =
∮
(eφ
1
+ e−φ
1
)e−φ
2
j3 =
∮
∂φ2 (67)
k+ =
∮
eφ
4
(eφ
3
+ e−φ
3
)
k− =
∮
(eφ
3
+ e−φ
3
)e−φ
4
k3 =
∮
∂φ4
Using the φA fields and considering the representations of the ja’s and ka’s, we can construct
a set of worldsheet fermion fields which are also spacetime spinors
ψ1 = e
1
2
(φ1+φ2+φ3+φ4) (68)
ψ1 = e
1
2
(−φ1−φ2−φ3−φ4)
ψ2 = e
1
2
(−φ1−φ2+φ3+φ4)
ψ2 = e
1
2
(φ1+φ2−φ3−φ4)
χ1 = e
1
2
(−φ1+φ2+φ3−φ4)
χ¯1 = e
1
2
(φ1−φ2−φ3+φ4)
χ2 = e
1
2
(φ1−φ2+φ3−φ4)
χ¯2 = e
1
2
(−φ1+φ2−φ3+φ4)
The OPE of ψα, χα are
ψα(z)ψβ(w) =
δαβ
z − w + · · · · · · (69)
χα(z)χ¯β(w) =
δαβ
z − w + · · · · · · (70)
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and all others are regular.
For free fermions χα in (
1
2
, 1
2
), and u(1) currents in (0, 0) and (0, 1) from T 4 part, it is easy
to construct a N = 4 SCA with c = 6, cf.[10]
Gˆ1 = χ1∂(X
3 + iX0)− χ¯2∂(X1 + iX2) (71)
¯ˆ
G1 = χ¯1∂(X
3 − iX0) + χ2∂(X1 − iX2)
Gˆ2 = χ2∂(X
3 + iX0) + χ¯1∂(X
1 + iX2)
¯ˆ
G2 = χ¯2∂(X
3 − iX0) + χ1∂(X1 − iX2)
KˆA =
1
2
χσAχ¯
Tˆ = −1
2
∂XN∂XN +
1
2
(∂χ1χ¯1 − χ1∂χ¯1 + ∂χ2χ¯2 − χ2∂χ¯2)
Now we are ready to construct another N = 4 SCA, which are orthogonal to the one given
in eqs.(71), with the bosonic fields coming from AdS3 × S3 and free fermions ψα’s defined in
eq.(68). Let us first consider all the possibilities for constructing G1 up to a normalization
factor
G1 = ψ1k
3 + Aψ2k
+ − B∂ψ1 + Cψ1ψ2ψ2 +Dψ1∂φ (72)
Here, A,B,C,D are numeric coefficients to be determined.
K+(z)G1(w) regular determines A = 1. G1(z)G1(w) regular determines C = 1, D = (
k′
2
)
1
2 .
Now consider the OPE K−(z)G1(w). By demanding that only simple pole appear determines
B = k′−1. Now G1 is determined up to a normalization factor. By su(2)×su(2) automorphism,
G2 and G¯1, G¯2 can also be determined. Finally we have
G1 =
√
2
k′
[ ψ1k
3 + ψ2k
+ − (k′ − 1)∂ψ1 + ψ1ψ2ψ2 + (
k′
2
)
1
2ψ1∂φ] (73)
G2 =
√
2
k′
[−ψ2k3 + ψ1k− − (k′ − 1)∂ψ2 + ψ2ψ1ψ1 + (
k′
2
)
1
2ψ2∂φ]
G¯1 =
√
2
k′
[ψ1k
3 + ψ2k
− + (k′ − 1)∂ψ1 + ψ2ψ2ψ1 − (
k′
2
)
1
2ψ1∂φ]
G¯2 =
√
2
k′
[−ψ2k3 + ψ1k+ + (k′ − 1)∂ψ2 + ψ1ψ1ψ2 − (
k′
2
)
1
2ψ2∂φ]
It is easy to check
KA(z)Gα(w) =
1
2
Gβ(σ
A)βα
z − w + · · · · · · (74)
KA(z)G¯α(w) = −
1
2
(σA)αβG¯β
z − w + · · · · · ·
And
KA(z)KB(w) =
1
2
(k′ − 1)
(z − w)2 +
iǫABCKC
z − w + · · · · · · (75)
Gα(z)G¯β(w) =
2T
z − w +
2σA∂K
A
z − w +
4σBK
B
(z − w)2 +
4(k′ − 1)
(z − w)3 + · · · · · ·
T (z)Gα(w) =
Gα
z − w +
3/2 Gα
(z − w)2 + · · · · · ·
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Here
T =
1
k′
kAkA +
1
2
(∂ψ1ψ1 − ψ1∂ψ1 + ∂ψ2ψ2 − ψ2∂ψ2)−
1
2
∂φ∂φ + (
1
2k′
)
1
2 (k′ − 1)∂2φ (76)
The central charge of this spacetime Virasoro algebra is c = 6(k′ − 1).
Considering the direct sum of the two orthogonal N = 4 SCAs constructed above, we get
our final N = 4 SCA on the space AdS3 × S3 × T 4 with the central charge c = 6k′, the desired
result.
Gtotα,n =
√
1
p
∮
dz(Gα + Gˆα)e
qnzpn+
1
2 (77)
G¯totα,n =
√
1
p
∮
dz(G¯α +
¯ˆ
Gα)e
qnzpn+
1
2 (78)
Ktot,An =
∮
dz(KA + KˆA)eqnzpn (79)
Ltotn =
1
p
∮
dz[(T + Tˆ )eqnzpn+1] +
c
24
(p− 1
p
)δn,0 (80)
where c = 6k′. The Ln should be equivalent to that in eq.(55), then we get k′ = k
4.2 Orbifold SympM/Zp as the Target Space of N = 4 SCFT
Superstring theory on AdS3 space defines a spacetime N = 4 superconformal field theory living
on the 2d boundary of AdS3. Let us denote the target space of the spacetime superconformal
field theory for p ≡ ∮ γ−1∂γ = 1 by M. We shall show in this section that for general integer
p, the target space is the orbifold SympM/Zp, where, Symp means symmetric product of p
objects, and Zp is the cyclic group of order p. In the following we sketch the proof.
Let us first consider the N = 4 theory on the space SympM, which consists of p copies of
subspace M, labeled by Mi, i = 1, 2, · · · , p. On each Mi, we have an independent N = 4
theory corresponding to p = 1, which are constructed by the holomorphic fields living in the
transversal space in the light-cone gauge. In our case, those fields are φi, KA,i, ψiα, χ
i
α, ∂X
N,i,
which we denote collectively by J A,i. The generators of the N = 4 SCA on Mi, such as
T i, Giα, K
A,i are collectively denoted by T A,i, with the generators of the total N = 4 SCA on
SympM given by
T A =∑
i
T A,i (81)
Now consider the N = 4 theory on SympM/Zp. The Zp cyclic group is an Abelian group
generated by a single element λˆ, λˆp = identity. λˆj acts on the J A,i by shifting the i index
by j units: J A,i → J A,i+j. Gauging by the Zp action means that the J A,i’s are defined up
to Zp actions. That is to say, J A,i’s admit a Zp hololomy around a non-contractable loop in
z complex plane, which represents the AdS3 boundary. For example, a possible choice of the
boundary condition could be
J A,i(ze2pii) = J A,i+j(z) (82)
It turns out that any given choice of j in eq.(82) results in an equivalent theory. Thus it suffices
to consider the conjugacy class of the Zp action, which can be represented by a single element
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λˆ corresponding to j = 1 in eq.(82). It is convenient to diagonalize the Zp action in eq.(82).
Define:
λ = e2pii/p (83)
KA,[j] =
p−1∑
i=0
λ−ijKA,i (84)
∂φ[j] =
p−1∑
i=0
λ−ij∂φi
∂XN,[j] =
p−1∑
i=0
λ−ij∂XN,i
ψ[j]α =
1√
p
p−1∑
i=0
λ−ijψiα
χ[j]α =
1√
p
p−1∑
i=0
λ−ijχiα
conversely we have
KA,i =
1
p
p−1∑
j=0
λijKA,[j] (85)
∂φj =
1
p
p−1∑
i=0
λij∂φ[i]
∂XN,j =
1
p
p−1∑
i=0
λij∂XN,[i]
ψjα =
1√
p
p−1∑
i=0
λijψ[i]α
χjα =
1√
p
p−1∑
i=0
λijχ[i]α
From eq.(82) by setting j = 1, we can read off the mode expansions for J A,[i](z)
KA,[i](z) =
∑
n∈Z
K
A,[i]
n−i/pz
−n−1+i/p (86)
∂φ[i](z) =
∑
n∈Z
a
[i]
n−i/pz
−n−1+i/p
∂XN,[i](z) =
∑
n∈Z
a
N,[i]
n−i/pz
−n−1+i/p
ψ[i]α (z) =
∑
n∈Z
b
[i]
α,n− 1
2
−i/pz
−n+i/p
χ[i]α (z) =
∑
n∈Z
c
[i]
α,n− 1
2
−i/pz
−n+i/p
From the mode expansion in eq.(86), it can be seen that the normalizations in eq.(84) are
chosen in such a way that
[K
A,[i]
n−i/p, K
B,[j]
m−j/p] = f
ABCK
C,[i+j]
n+m−(i+j)/p + δi+j,0δn+m,0δa,bk(pn− i) (87)
[b
[i]
α,n+ 1
2
−i/p, b¯
[j]
β,m− 1
2
−j/p] = δi+j,0δn+m,0
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And similar commutation relations for a
[i]
n−i/p, a
N,[i]
n−i/p, c
[i]
α,n− 1
2
−i/p. Those commutators are to
be compared with that of the N = 4 theory with the target space M, for which, we have the
mode expansions
KA(z) =
∑
n∈Z
KAn z
−n−1 (88)
∂φ(z) =
∑
n∈Z
anz
−n−1
∂XN (z) =
∑
n∈Z
aNn z
−n−1
ψα(z) =
∑
n∈Z
ψα,n− 1
2
z−n
Compare eqs.(88) with eqs.(86), we are led to the following isomorphism:
K
A,[i]
n−i/p → KApn−i (89)
a
[i]
n−i/p → apn−i
a
N,[i]
n−i/p → aNpn−i
b
[i]
α,n− 1
2
−i/p → bα,np− 12p−i
c
[i]
α,n− 1
2
−i/p → cα,np− 12p−i
Depending on p even or odd, for N = 4 theory on SympM/Zp with NS boundary condition,
we need to define a N = 4 theory on M with Ramand or NS boundary condition.
Now we are ready to express the generators for the total N = 4 SCA on SympM/Zp, eq.(81),
in terms of the Zp twisted fields in eq.(86). Notice that when the fields J A,[i] are twisted, the zero
mode of the energy-momentum tensor acquires a shift, similar to the anomalous transformation
of the energy-momentum tensor under the conformal transformation z → z 1p , cf. eq.(40). For
simplicity, let us consider the T (z) in eq.(76) as an example.
T (z) (90)
=
∑
i
T i +
c
24
(p− 1
p
)z−2
=
∑
i
1
k′
kA,ikiA +
1
2
(∂ψiαψ
i
α − ψiα∂ψiα − ∂φi∂φi) + (
1
2k′
)
1
2 (k′ − 1)∂2φi
=
∑
i,j,l
λijλil
p2
(
1
k′
kA,[j]k
[l]
A +
1
2
(∂ψ[j]α ψ
[l]
α − ψ[j]α ∂ψ[j]α − ∂φ[j]∂φ[j])
+
∑
i,j
λij
p
(
1
2k′
)
1
2 (k′ − 1)∂2φ[j]
=
∑
i
1
p
{ 1
k′
kA,[i]k
[i]
A +
1
2
(∂ψ[i]α ψ
[i]
α − ψ[i]α ∂ψ[i]α −
1
2
∂φ[i]∂φ[i])}+ ( 1
2k′
)
1
2 (k′ − 1)∂2φ[0]
Substituting eq.(89) into the last line of eq.(90) and making similar changes on Tˆ (z), we
arrive at the eq.(80). Similar relation holds for Gα(z), K
A(z). Thus the N = 4 SCA defined
in eqs.(77-80) in fact defines a theory on the target space SympM/Zp.
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5 GS Superstring Theory on AdS3 × S3 × T4 Spacetime
with NS-NS Background
In the the section Introduction, we have briefly discussed the difficulty arising, when quantizing
the Green-Schwarz type superstring theory on AdS3 × S3 × T4, due to the high nonlinearality
of the equations of motion. In this section, we shall describe how to generalize the light-cone
gauge choice to the case of GS string theory on AdS3 space, in which we get linear equations
of motion. In the present paper, we shall only consider the case with pure NSNS background.
The RR charged one is more complicated and deserves a separate consideration[25]
The action for the GS string theory on the space AdS3 × S3 × T4 has been presented in
refs.[8, 9, 23]. Here, following ref.[9] and using the convention adopted in Appendix A, we write
down the κ symmetry fixed GS superstring action in pure NSNS background.
S = −1
2
∫
d2σ{(√ggij + ǫij)r2[∂ix+ + 1
2
(ψL∂iψL − ∂iψLψL)] (91)
× [∂jx− + 1
2
(ψR∂jψR − ∂jψRψR)]
+
√
ggij
l2
l2s
[r−2∂ir∂jr + tr(∂ig∂jg
−1)] + δrs∂iz
r∂jz
s}
+
i
3
∫
M3
d3x
l2
l2s
ǫijktr(g−1∂igg
−1∂jgg
−1∂kg)
where, zr are the bosonic fields on T 4, and g is a group element of SU(2). Using the projective
coordinate of S3 (the group manifold of SU(2)), eq.(91) becomes the same action in ref.[9].
In ref.[8], the final form of the action involves only pure RR background and the spinors do
not conform to our convention. In the following we shall describe how the κ symmetry is fixed
leading to the same action as in eq.(91), in the case when pure NSNS background is considered.
In particular, we shall show here, that the gauge choice in ref.[8]
θIR− =
1
2
(δIJ − iǫIJγ0Rγ1R)θJR = 0 (92)
is just the light-cone gauge choice for the spacetime spinors. Here the lower index R refers to
the gamma matrices and spinors in ref.[8].
Now we rewrite eq.(92) in our convention
θI− = T
−1θIR− (93)
=
1
2
(δIJ − iǫIJT−1γ0Rγ1RT )θJ
= 0
i.e.
θI1 + iθ
II
1 = 0 θ
I
2 − iθII2 = 0 (94)
And
θ¯I2 − iθ¯II2 = 0 θ¯I1 + iθ¯II1 = 0 (95)
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Set
ψRα =
1
2
(θIα − iθIIα ) ψLα =
1
2
(θIα + iθ
II
α ) (96)
ψRα =
i
2
(θ¯Iα + iθ¯
II
α ) ψLα = −
i
2
(θ¯Iα − iθ¯IIα )
Then eqs.(94-95) lead to
Γ+ψR = Γ
+ψL = Γ
−ψL = Γ
−ψR = 0 (97)
where Γ+ = Γ1 + Γ2 and Γ− = Γ1 − Γ2.
Here we ignore the indices of the spinor representation of su(2). We realize that eq.(97) is
the same as fixing the κ symmetry in the light-cone gauge for the spacetime spinors in the flat
spacetime, cf. [15].
Using ψR, ψL, ψR, ψL to denote the nonzero component of the spinors, then the action in
ref.[8] with pure NSNS background can be written in the same form as given in ref.[9].
To compare eq.(91) with the NSR string, we introduce an auxiliary field β as the Lagrange
multiplier. The action, eq.(91), then becomes
S =
1
2
∫
dzdz¯{−ββ¯exp(− 2
α+
φ) + β[∂¯x+ +
1
2
(ψL∂¯ψL − ∂¯ψLψL)] (98)
+β¯[∂x− +
1
2
(ψR∂ψR − ∂ψRψR)] + ∂φ∂¯φ−
2
α+
Rˆ(2)φ}
−1
2
∫
d2σ
√
ggij[
l2
l2s
tr(∂ig∂jg
−1) + ∂iz
r∂jz
r]
+
i
3
∫
M3
d3x
l2
l2s
ǫijktr(g−1∂igg
−1∂jgg
−1∂kg)
where φ = α+log r and α
2
+ = 2k = 2
l2
l2s
.
The S3 part of this action is just a WZNW model in SU(2) group manifold. Because the
radiuses of AdS3 and S
3 are the same, it is obvious that the sl(2, R) and su(2) currents have
the same level, as expected from subsection 4.1.
Regarding ββ¯exp(−2φ
α+
) as a screen charge, we get the the following linearized equations of
motion for free bosons and fermions.
∂¯β = 0 ∂β¯ = 0
∂¯ψL = 0 ∂ψR = 0 (99)
∂¯ψ¯L = 0 ∂ψ¯R = 0
∂¯x+ = 0 ∂x− = 0
It is clear now that the light-cone gauge choice for the spinors in the GS type action is self
consistent, and we can quantize the action by introducing OPE of free fields. Fixing the κ
symmetry is equivalent to fixing the redundant fermionic degrees of freedom, just as what we
have done in the light-cone gauge quantization of the NSR string. Now the bosonic part of
this action is the same as NSR formulation. So, in AdS3 × S3 × T 4 spacetime, GS string in
pure NSNS field background is equivalent to NSR superstring, as can be seen by taking the
light-cone gauge. The rest part of quantization procedure goes exactly the same way as the
light-cone gauge quantization in the NSR formalism.
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6 Conclusions and Discussions
In conclusion, we have presented the light-cone gauge quantization procedure for strings prop-
agating on AdS3 space charged with NS-NS fields. The procedure works in that we get the
right spacetime conformal anomalies for critical bosonic string as well as superstrings. The
N = 4 spacetime superconformal algebra arises in a natural way for light-cone gauge fixed
superstrings, both in NSR and GS formalism. Further, we have proven that in our light-cone
gauge choice, the resulting theory is unitary, hence a well define quantum theory.
To quantize superstring theory charged with R-R fields, it seems more appropriate to for-
mulate the string theory in a way with manifest spacetime supersymmetries, as what has been
done in refs.[8, 9]. However, the classical equations of motion derived this way are highly
nonlinear, posing difficulties in choosing a convenient quantization procedure. The same non-
linearity problem in the case of flat spacetime is solved by choosing a light-cone gauge. We
believe that in the case of conformal invariant background such as AdS3×S3×T 4 or AdS5×S5,
a generalized light-cone gauge choice can always be found. The case with NS-NS background
worked out in this paper provide just an example, and such quantization procedure should be
generalizable to the cases involving R-R charges. Currently, we are making progress along such
directions.[25]
In the present paper, we are assuming that the worldsheet theory corresponding to the AdS3
space is a standard WZNW theory. However for p > 0, the holomorphic conformal scalar field
γ vanishes at the worldsheet origin, and β, which has conformal weight one, is singular at the
origin. In fact, γ(z) ∼ zp, β(z) ∼ z−p−1 when z → 0. This is equivalent to the shifting of the
Bose sea level, and hence shifting the vacuum state in the WZNW theory, cf. [16]. That would
has some effects when coming to the calculations of the correlation functions on the worldsheet.
Such point is not elaborated in our present paper and will be left for future discussions.
Note Added: After the completion of the present work, we became aware of the paper, ref.[24],
the authors of which found essentially the same target space for the N = 4 SCFT as what we
presented in Sec.4.2 from a different approach.
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Appendix A
The N = 2 SUSY algebra su(1, 1|2)2, cf. ref.[8], can be presented as
{QI , Q¯J} = 2δIJ(iPaγA − Pa′γa′) + ǫIJ(Jabγab − Ja′b′γa′b′)
[Pa, QI ] = − i
2
ǫIJγaQJ [Pa′ , QI ] =
1
2
ǫIJγa′QJ
[Jab, QI ] = −1
2
γabQI [Ja′b′ , QI ] = −1
2
γa′b′QI (100)
[Pa, Q¯I ] =
i
2
Q¯JǫJIγa [Pa′ , Q¯I ] = −1
2
Q¯JǫJIγa′
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[Jab, Q¯I ] =
1
2
Q¯Jγab [Ja′b′, Q¯I ] =
1
2
Q¯Jγa′b′
[JAB, JCD] = ηBCJAD + ηADJBC − ηACJBD − ηBDJAC
[JA′B′ , JC′D′] = δB′C′JA′D′ + δA′D′JB′C′ − δA′C′JB′D′ − δB′D′JA′C′
Pa = J0a, Pa′ = J0a′
where, QIαα′ are the 2 complex chiral 6D spinors, with I = I, II, α = 1, 2, α
′ = 1, 2. The
convention we use here is
A,B,C,D = −1, 1, 2, 3 ηAB = (−1,−1, 1, 1)
A′, B′, C ′, D′ = 0, 4, 5, 6 ηA′B′ = (1, 1, 1, 1)
a, b... = 1, 2, 3 ηab = (−1, 1, 1) (101)
a′, b′... = 4, 5, 6 ηa′b′ = (1, 1, 1)
γ3 = −σ3 γ1 = iσ2 γ2 = σ1
γ4 = σ1 γ5 = σ2 γ6 = σ3
In the following we use γa, γa
′
to represent γa ⊗ 12, 12 ⊗ γa′ resp.
The Dirac matrices γa used here is a little different from that in ref.[8]. That means we use
another basis of the spinors. If we use QR representing the SUSY charge in [8], the relation
between these two conventions are
Q = TQR θ = T
−1θR (102)
γ3 = −Tγ1RT−1 γ1 = Tγ3RT−1 γ2 = Tγ2RT−1
where, T is a unitary transformation of the spinors.
T =
√
1
2
( −i −i
1 −1
)
(103)
From now on we separate the bosonic part algebra so(2, 2) × so(4) as (so(1, 2) × so(3))L ×
(so(1, 2)× so(3))R, and just concentrate ourselves on the left-moving part only.
The algebra can be written as
J1 = − i
2
(J23 − J−11) K4 = − i
2
(J56 + J04)
J2 = − i
2
(J31 + J−12) K
5 = − i
2
(J64 + J05) (104)
J3 = − i
2
(J12 + J−13) K
6 = − i
2
(J45 + J06)
(105)
Actually, so(1, 2) is equivalent to sl(2, R), so we can write the algebra as L0, L1, L−1.
L0 = iJ
3 L±1 = i(J
1 ± J2) (106)
The super charges can also be combined to form a left-moving one,
Qαα′ =
1
2
(QIαα′ + iQIIαα′)
Q¯αα′ =
1
2
(iQ¯Iαα′ + Q¯IIαα′) (107)
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It is easy to check
[Ja, Qαα′ ] =
i
2
γaQαα′ [J
a, Q¯αα′ ] = − i
2
Q¯αα′γ
a (108)
[Ka
′
, Qαα′ ] = −1
2
γaQαα′ [K
a′ , Q¯] =
1
2
Q¯αα′γ
a
Set
G 1
2
α′ = Q¯1α′ G¯− 1
2
α′ = Q1α′ (109)
G− 1
2
α′ = Q¯2α′ G¯ 1
2
α′ = −Q2α′
L0, L1, L−1, Ka
′
and G, G¯ close an algebra
[L0, L±1] = ∓L±1 [L+1, L−1] = 2L0 (110)
[Ln, Gr] = (
1
2
n− r)Gn+m
[Gr, G¯s] = 2Lr+s + 2(r − s)σa′Ja′r+s
which is exactly the left-moving part of the global N = 4 SCA in NS sector.
Extending this 6D super algebra to 10D is straightforward. The (9 + 1)D gamma matrices
can be expressed using γa, γa
′
, γr.
Γa = γa ⊗ (12 ⊗ 14)⊗ σ1 (111)
Γa
′
= 12 ⊗ (γa′ ⊗ γ¯5)⊗ σ2
Γr = 12 ⊗ (12 ⊗ γr)⊗ σ2
where γr (r=7,8,9,10) are the 4D gamma matrices, and γ¯5 = γ7γ8γ9γ10. And the preceding
discussions on the relation between the superalgebra su(1, 1|2)2 and the global part of the
N = 4 SCA go over to the 10D case.
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